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Abstract 

We examine the scalar sector of the covariant graviton two-point function in 
de Sitter spacetime. This sector consists of the pure-trace part and another part 
described by a scalar field. We show that it does not contribute to two-point func- 
tions of gauge-invariant quantities. We also demonstrate that the long-distance 
growth present in some gauges is absent in this sector for a wide range of gauge 
parameters. 



1 Introduction 



The covariant graviton two-point function in de Sitter spacetime (CGTF) has been stud- 
ied by several authors [0-0. (See, e.g., || for a description of de Sitter spacetime.) 
It is known that the CGTF grows with the distance between the two points in some 
gauges 0, ffl, although infrared divergences have been shown to be absent pL In par- 
ticular, it is known that the pure-trace part of the CGTF grows with the distance in 
a gauge where the traceless part is divergence-free {§. (We call this gauge the Landau 
gauge in this paper.) 

Recently, a non-covariant physical graviton two-point function, which contains only 
the two physical polarizations, was computed in open de Sitter spacetime ||. It was 
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found that this two-point function does not grow as the distance between the two points 
increases. Subsequently, the present authors showed [pij that the logarithmic growth of 
the non-covariant physical two-point function in spatially-flat de Sitter spacetime Jl2| 
is a gauge artefact. These results suggest that the seemingly problematic long-distance 
behaviour in the pure-trace part of the CGTF may also be a gauge artefact. Interestingly, 
the one- loop effect in pure-trace external gravitational fields has been shown to vanish || . 



In fact one of the present authors (AH) showed under some assumptions |TT] that the 
contribution from the pure-trace part and that from another scalar part of the CGTF 
together take a pure-gauge form for a one-parameter family of gauges which includes 
the Landau gauge as a limit .Q (We will call the sector consisting of these two parts 
the scalar sector.) In this paper we prove this fact without making any assumptions, 
thus confirming that the scalar sector of the CGTF does not contribute to two-point 
functions of physical quantities at the tree level. We also emphasize that the mass of 
the scalar sector is gauge dependent and can be chosen to be a value for which there is 
no long-distance growth. 

The rest of the paper is organized as follows. In section 2 we recall some essential 
facts about the scalar field theory in de Sitter spacetime as a preliminary. In section 3 we 
examine the field equations of linearized gravity in a one-parameter family of covariant 
gauges and identify the scalar sector, which will be the subject of this paper. In section 
4 we find some commutator functions, which will be used to find the scalar-sector two- 
point function. In section 5 we present our main result, i.e. the scalar sector of the 
CGTF, and make some remarks about the full CGTF. In Appendix A an explicit form 
of the scalar sector two-point function is presented for a particular value of the gauge 
parameter, where some simplification occurs. 

The metric signature is ( — h ++) and we set c = h — 1 throughout this paper. 



2 Scalar field theory 

Most of the discussions in this paper are independent of the explicit metric, but for 
definiteness we work mainly with the metric 

ds 2 = -dt 2 + H~ 2 cosh 2 Ht dSi , (1) 

1 Allen and Turyn Q have also pointed out that the terms which grow at large distances in these 
two parts of the CGTF are in a pure-gauge form in a particular gauge in the Euclidean approach. 
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where dS% is the line element of the unit 3-sphere. The Hubble constant is H and the 
cosmological constant is 3if 2 here. 

Let us consider the scalar field theory with the Lagrangian density 

12H 2 , 



-g 



V a 0V> + 



a — 3 



(2) 



where V a is the covariant derivative in the background de Sitter spacetime. Indices 
are raised and lowered by the de Sitter metric g a b given by (]T|). The mass parameter, 
12H 2 1 [a — 3), is given in a form which will be useful later .| The corresponding Euler- 
Lagrange equation is 

LwWn-^Wo, (3) 



a 



where □ = V a V a . We expand the field <fi as 

la 

where the mode functions are given by 

fi(t)Y la 



(4) 



(5) 



with the Y\ a being spherical harmonics on the unit 3-sphere with angular momentum I. 
They satisfy AY"; CT = —1(1 + 2)Yi a , where A is the Laplace operator on the unit 3-sphere. 
(See, e.g., |TB| for a concise description of spherical harmonics in higher dimensions.) 
The label a distinguishes the spherical harmonics with the same value of /. We require 



s 3 



The functions fi(t) satisfy 
~d 2 



TT , TT d 1(1 + 2)H 2 12H 2 
+ 3HtanhHt— + -± J + ■ 



fi{t) = 0. 



dt 2 ' dt ' cosh 2 Ht ' a — 3 

We normalize the functions fi(t) by requiring the following Wronskian: 

_ iH 3 



(6) 



(7) 



coslr Ht 



Given any two solutions (jy- ' and 0' the following current is conserved: 
J^\^)) = 0( 2 )V C (1) - (j^V ^ . 



(9) 



2 The theory may not be well defined for some values of a. We avoid these values. 
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We define the Klein-Gordon inner product of ft ' and 



as 



= i y s d£ cl r(0(i),0( 2 )), (io) 

where £ is any Cauchy surface and where dH c = dH n c with n c being the future-pointing 
unit normal to E. (This can be generalized to fields of higher spin. See, e.g. [0.) Here, 
dH = d9id92d9 3v /fj, where the 0i are the coordinates on £ and 77 is the determinant of 
the metric on S. The product (^^l^ 2 )) is independent of the Cauchy surface £ because 
the current J c is conserved. We find using (|) and (§|) 



(ft l ^\ft v 



0. 



(0(^)I0( /V )) 

The usual canonical quantization leads to the commutation relations 



Su'5, 



IV era 1 



(11) 

(12) 
(13) 



with all other commutators vanishing. We define the vacuum state |0) by requiring 
o/o-|0) = for all I and a. There is some freedom in choosing fi(t) and, consequently, 
in choosing the vacuum state. The standard choice leads to the so-called Euclidean |L5j 
(or Bunch-Davies |16|| ) vacuum, which is invariant under the de Sitter group. We choose 
this vacuum, but the explicit form of fi(t) is not necessary here (see, e.g., 

The two-point function of the scalar field <fi is expressed as 



A + (x,x') = (0\(/)(x)ftx')\0) 

= ]r^(x)0(^)(xo 



(14) 



where x and x' are spacetime points. The function A + (x,x') has been calculated by 
several authors [JIB, 18), [19] . For example, Allen and Jacobson [19| give it as 

T(a+)T(a)H 2 



A+(x,x') 



16tt 2 



-F(a + , a_; 2; z) 



where 



± 



cos 



'9 
4 



M*\ 1/2 
H 2 ) 



with M 



12H 2 



a 



' fi(x, x')H s 



(15) 

(16) 
(17) 



Here, the function fj,(x, x') is the spacelike geodesic distance between points x and x', 
and F(a, b; c; z) is the hypergeometric function. The variable z can be extended to the 
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case where there is no spacelike geodesic between x and x'. If we write the de Sitter 
metric as 

ds 2 = ^(-^A 2 + dx 2 ) , (18) 
with x = (xi, x 2 , x 3 ), then for x = (A, x) and x' = (A', x') we have 

(A + A') 2 - ||x - x'|| 2 



4AA' 



(19) 



(This can readily be inferred by comparing the two-point functions in [16] and [IS].) 
Hence, the large- distance limit corresponds to the limit z — > — oo. The large- distance 
limit of (|T5D, which will be useful later, can be found as |A + (x, x')\ ~ (— z)~ a ~ if < 
M 2 < 9/4 and \A + (x,x')\ ~ (-^)" 3/2 if 9/4 < M 2 , up to a constant factor. Thus, if 
M 2 > 0, i.e. if a > 3, the scalar two-point function A + (x, x') tends to zero as z — > — oo. 

The commutator function, which is often called the Schwinger function, is 

[<f>(x), (f>(x')\ = A + (x, x') - A + (x', x) . (20) 

Now, define the advanced and retarded Green functions, G^ s,A \x^x') and G^ s ' R '(x,x'), 
by requiring that 

L (S) G ( S > A / R )(x,x') = 5\x,x') , (21) 

and that G^ s ' A \x, x') (G^ s,R \x, x')) vanish if x is in the future (past) of x'. (The subscript 
x in indicates that the differential operator acts at x rather than at x' .) We 
have defined 5 4 (x,?/) by 

J dV y 5\x,y)f{y) = f{x) (22) 
for any smooth and compactly-supported function f(x), where 



dV y = <f ys J-g{y). (23) 

Then, as pointed out by Peierls [20] , the commutator function is given by the advanced- 
minus-retarded Green function 

(x, x') = G (5 ' A) (x, x') - G {S > R) (x, x') (24) 



as 



lx),4>(x')]=iE (s \x,x') . (25) 
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3 The scalar-sector mode functions 



The Lagrangian density for linearized gravity can be chosen as 



C, 



-g 



l -v a h ac v b h bc - -\/ a h bc v a h bc + - A (y a h - 2v b h\)v a h 

-\e 2 (h ab h ab + h 2 



(26) 



2 V 2 

with h = h a a . This Lagrangian density is invariant under the gauge transformation 

Kb -> Kb + V a A 6 + V b A a 

up to a total divergence. Therefore, one needs to fix the gauge for the canonical quanti- 
zation of h ab . For this purpose we add the following gauge- fixing term in the Lagrangian 
density: 



-g 



v a h ab - 



l + p 



V b h V c h cb - 



l+P 



Vbh 



2a P / V P 

Then the Euler-Lagrange field equations derived from £ inv + £ gf are 

L^ )Cd h cd = l -Uh ab - (1 - -L) (V a V c h c b + V b V c K 



(27) 



+ 



1 p + 1 

2 ap 



V a V b h + 



ap 2 



+ \gab U - 2 -^P) V c V rf ^ - H 2 (h ab + l -g ab h 



g a b a h 

= 0. 



:28) 



The scalar sector of the field h ab satisfying this equation can be extracted as fol- 
lows fTT |. First, by taking the trace of equation (^3) we find 



4(1 + /5) 2 1 + p 



aP 2 



a(3 



nh-3H 2 h+ (l--- ^-)v a V b h ab = 0. (29) 
V a ap I 



There is mixing between the trace h and the traceless part of h ab in general as can be 
seen from this equation. This mixing can be avoided by choosing the parameter P as 

4 



P 



a — 3 



(30) 



We make this choice in the rest of this paper. We also assume that a / 0, 3 though we 
will consider the limit a — > in the concluding section. Equation ( p9|) now reads 

12H 2 \ 



□ 



a — 3 



0. 



(31) 



We define the traceless part of h a b by 

hal = Kb - h* h , (32) 

where 

h ab = J 9abh{x) . (33) 
By substituting (|32|) in (|28|) with the choice ( j30"D we find 



^2 -(l-H-) (VaVch^b + VbV c h^ a 



2 ' ab \2 2a 



\ ~ h) 9abVcVdhil)cd - H2h % = • (34) 



Next, define a scalar field B by 

By using the fact that the Riemann tensor takes the form R a b c d — H 2 {g ac g b( i — g a d9bc)i 
we find 

(□-^)* = 0. ,36) 

Note that the two fields h and B satisfy the same equation as the scalar field <fi discussed 
in the previous section. Hence, we can expand these fields as 

B(x) = Y.[ h ^ {la \ x ) + h l'¥^Kx)] , (37) 

la 



h{x) = . (3 



la 

Let us write the traceless field as 

hl l l = h$ + h<$ , (39) 

where 

h$ = (Va V, - ^<m) B . (40) 

The tensor is traceless because of equation (|36|) . By taking the divergence of this 
equation twice, we find 

Vrt« = j^-B = V«V'/»2 . (41) 
(a — 3) z 

As a result we have V a V b /i^ = 0. Thus, the field /i a f, can be decomposed as 

hab = h% + h$$ + h$ , (42) 

where and are given by (gg) and respectively We call the field fcJJ + h$ 
the scalar sector of h ab and the field /i^ the non-scalar sector. The latter satisfies 



V a V b h$ = h^ a a = 0. 
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4 Commutator functions of the scalar sector 



The contribution of the scalar sector to the two-point function can immediately be 
inferred once we find its contribution to the commutator (or Schwinger) function. For 
this reason we calculate the latter in this section. 



For any compactly-supported scalar function f(x) we define [21 



(Af)(x) = J dV y G {s ' A) (x,y)f(y) , (43) 

(R/)(x) = JdV y G^ R \x,y)f(y), (44) 

(E/)(z) = J dV y E^(x,y)f(y) 

= (Af)(x) - (Rf)(x) . (45) 

We define the advanced and retarded Green functions, G^fy (x, x') and G^^,(x,x'), 
for the tensor equation (^) by requiring that 

4 T) " W 4f (x, x ') = \ + *\ x , x ') , (46) 

and that G ab ' a , b ,(x, x') (G ab ' a , b ,(x, x')) vanish if x is in the future (past) of x' . As in the 
scalar case we define the advanced-minus-retarded Green function by 

E a ba'b'{ x -i x ) = ^aba'b'{ x i x ) ~ Gaha'v{ X i X ) • (47) 

For any compactly-supported smooth tensor h a b(x) we define (Ah) a b(x), (Tth) a b(x) and 
(Eh) a b(x) in the same way as in the scalar case. The equality shown by Peierls in |E0] 
is quite general and holds in this well. Thus, 

[hab(x), h al y{x')\ = iE { ^l v {x, x') . (48) 

We will derive the commutator function for the scalar sector starting from this formula. 
Let us first examine the pure-trace part. We obtain by a straightforward calculation 

L (T)abcd {gcdF) = ^_l g ab L (S) F (4g) 

for any smooth function F. Using this equation with F = R/, we have 

dV x Gjf (y, x)L? ^ abcd [g cd ( x ) (R/) {x)\ 



a — 3 



dV x G%*\y, x )g ab (x)f(x). (50) 
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We integrate by parts so that the operator jj^) cdah i s applied on G^' (y, x) on the 
left-hand side.0 Then we use 

L { P cdab G^ (y, x) = \ (<5$ + Frf) 5\ Vl x) , (51) 

which follows from the equality G^'^ (x, y) = G^^\y,x). Thus, we find 

g ab (y) J dV x G^ R \y,x)f(x) = ^ J dV x G% c R \y,x)g cd (x)f(x) . (52) 
Since this holds for any compactly-supported smooth function f(x), we have 

G£?(y, *)9 cd (x) = —„gaMG {s > R \y, x) . (53) 

a — 3 

The same equality holds for the advanced Green functions G^' c ^\y,x) and G^ s > A \y, x). 
Therefore 

E { H{x, y)g cd (y) = -^—g ab (x)E {s) (x, y) . (54) 
a — 3 

By taking the trace of equation ( fl8|) and using ([54]) we find 

1 

[Ms), = ^ — — ar') , (55) 

a — 3 

where ft. = g ab h a b, and 

M*')] = 0, (56) 
[flfc),/^)] = 0, (57) 

(r) 

where h ab and B are defined in the previous section. 



Next, we derive a relation similar to (|53 ) for the traceless part ft^ in the scalar 
sector. The key equation is 

L (T )abcd ^ VcVd _ 1^ F = 3_« ^ vayb _ 1^ L(S)F ^ (5g) 

which is valid for any smooth function F. Useful identities in deriving this equation are 
□V a V 6 F = 8# 2 (V a V b - + V a V b DF (59) 

and 

V a DV b F = 3# 2 V a V 6 F + V a V b DF. (60) 

3 There will be no boundary terms because the common support of G^^{y,x) and (R/)(x) with 
fixed y is compact. 
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By a procedure similar to that which led to ([54]) we find from 



V a V b -^g ab {x)D x ^j E {s \x,x'). 



(61) 

The derivative operators with primed indices act at point x' here and in the rest of this 
paper. By using this in fl48|) we obtain 

3 — a 



[h ab (x),B(x')} = i 



9H* 



V a V b - jgab(x) 



£ (5) (x,x') 



where B(x) is defined by fl3"6"|). From this equation we find 

3 — a 



[B{x),B(x')) 



-E^ s \x,x') 



9# 4 

[h(x),B(x')\ = 0. 



fl(x') I =0 



(62) 



(63) 

(64) 
(65) 



5 Scalar sector of the graviton two-point function 



The commutator functions found in the previous section can be used to determine the 
commutators of annihilation and creation operators in the scalar sector. Since the fields 
h{x) and B(x) commute with the non-scalar sector h^ b \x), the operators bi a , bj a , ci a and 
cj a defined in ( j3~7D and (j38|) commute with h^ b \x). Also, equation ( |65D shows that the 
operators b\ a and b\ a commute with q ct and c\ a . Thus, the graviton two-point function 
can be written as 



(0\h ab (x)h a , b ,(x')\0) = ^l /bl (x,x') + A^ albl (x,x') 



(66) 



where 



*tiLvM = (o|^H^)^S(^0lo) + (o|/ i 2(x)tfi(^ / )|o) 



(67) 
(68) 



The commutators of annihilation and creation operators in the scalar sector can be 
found from equations fl5"5|) and ( |6"3"D as 

3 — a 



ha' , b\ a 

c iv, 4t 



9H 4 
16 

a — 3 



-5u>5 aa > , 



(69) 
(70) 
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with all other commutators vanishing. Now, we require that 



b la \0) = c la \0) = (71) 

for all I and a. Using the commutators (|69|) and (|70|), the expansion of B(x) and h(x) 
in fl3~7|) and (^) and the condition ([H]), we find 

(0\B(x)B(x')\0) = ^A + (x,x'), (72) 

(0\h(x)h(x')\0) = J*-A + (x,x f ), (73) 
a — o 

where A + (x,x') is expressed in terms of the scalar mode functions (j)( la > in (0). From 
these equations and the expressions of and in terms of B and /i, we immediately 
find the scalar sector of the graviton two-point function as 

a (s) , a 3 - a / ^ 3# 2 \ / „ 3# 2 \ A , 

^a'b'l^^ ) = -gjjT I V a V b - ^J^ab I I V a >V 6 ' - ^^9a'b' I A + (x,X ) 

H o X T79abg a 'b'A + (x,X ) 

a — 3 lo 
3 - a 1 1 

xA+(x,x') (74) 

with (? a b = g a b(x) and g a /£/ = g a >b'(x')- As we have seen, the function A+(a;, x') decreases 
at large distances if a > 3. Hence the scalar-sector two-point function A( s \x,x') de- 
creases at large distances for these values of a. Note also that each term in the scalar 
sector is pure gauge either at point x or x'fj Hence, there will be no contribution from 
this sector to the two-point function of a gauge-invariant quantity. This is in agree- 
ment with the expectation that the extra modes introduced in the theory by gauge 
fixing should not contribute to physical quantities at the tree level. In Appendix A we 
present an explicit form of the scalar-sector two-point function for a = 9, where some 
simplification occurs. 

Let us comment on the limit a — > 0, i.e. the Landau gauge considered in |4[]. In this 
limit the field satisfies 

V b h ab = ^V a h. (75) 

The two-point function A^ s \x, x') remains in a pure-gauge form in this limit. However, 
the traceless part defined by (|39|) satisfies V a V b /i^ = 0. (As a result, some in- 
termediate results such as equation (|58|) are ill-defined.) Therefore, if one imposed the 
4 Relatcd remarks were made in [[H] and 
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condition ( f75|) from the start without taking the a — > limit of the theory with nonzero 
a, the field would be decomposed as h ab = + with V a V b h^ b = 0. Therefore, the 
cancellation of physical contributions from the fields and could be overlooked. 

We have not calculated the non-scalar sector two-point function, A^ ba , b ,(x, x'), which 
is of course necessary for finding the full two-point function. The full two-point function 
can most easily be calculated by extending the work of Allen and Turyn |2| in the 
Euclidean approach. (They specialize to the choice a = 1 and (3 = —2. Since the 
squared mass of the modes in the scalar sector for this choice is —6H 2 , their two-point 
function grows badly at large distances in the scalar sector.) Our preliminary results 
with arbitrary values of a and (3 show that it is impossible to construct a covariant 
two-point function which does not grow at large distances in this manner. However, 
the results in |J and |10| imply that this growth in CGTF is also pure gauge. We are 
currently investigating if this fact can be verified directly. 
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Appendix A. The scalar sector of the two-point func- 
tion with a = 9 

Note that for a = 9 we have 12H 2 /(a — 3) = 2H 2 . Therefore we have the conformally- 
coupled massless scalar field. In this case the scalar two-point function fll4|) is 

^(,,^) = ^(2,1,2;,) = ^^. (Al) 

» 



The two-point function A^ ba , b ,(x,x') can be found from (|74]) using [{19 



V a n b = H cot H/j, (g ab - n a n b ) , (A2) 

^ a n b ' = — . „ (g a b' + n a n v ) , (A3) 
smi/yU 

_ H(l — cosHu) . . . . 

Va9bc> = H{g ab n d + g ac m b ) , (A4) 

smiiyU 
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where n a = V a /x(x, x') is the tangent vector at point x to the spacelike geodesic joining 
points x and x' (if there is such a spacelike geodesic). The bi- vector g a y is the parallel 
propagator, i.e. for any vector X a> at point x' , g a b'X a ' is the vector at point x obtained 
by parallelly transporting X a ' along the geodesic. The result is 



^aL'v( x i x ') = T ±( z ) n a n b n a m b > + T 2 (z) (g a > b 'n a n b + g ab n a in bf ) 
+T 3 (z) (g aa in b nv + g ba >n a nv + g a b'n b n al + g w n a n a ,) 

+Ta(z) {gab'9ba' + 9bb'9aa') + T 5 (z) g a b9a'b' , 



where the coefficients Ti(z) are given by 



T x (z 
T 2 (z 
T 3 (z 
T 4 (z 
T 5 (z 



H 2 
24tt 2 
H 2 
24tt 2 
H 2 



z-1 
1 



+ 



24 



+ 



24 



z-1) 2 (z-1) 3 
4 3 



24tt 2 
H 2 

24tt 2 
H 2 

24^ 



z-1 
2 



+ 
+ 



+ 



(^-l) 2 (z-1) 3 
3 



>-l) 2 (z-1) 3 
1 



2(z-l) 3 
1 



(z-1) 2 2(z-l) 3 



(A5) 

(A6) 
(A7) 
(A8) 
(A9) 
(A10) 



where z = cos 2 ^ H ^j . As we have seen in section 2 the variable z tends to — oo as 
the coordinate distance r = ||x — x'|| in the coordinates for metric (ISj) tends to infinity. 
In the present case the coefficients Tj tend to zero like r~ 2 . In the rest of this appendix 
we will calculate the components of the tangent vector n a and the parallel propagator 
g ab i and see explicitly that they are bounded as r — > oo. Thus, we will see that the 
two-point function in ( |A"5|) indeed tends to zero as r — ► oo. 

Let us define 



x(x, x) = cos Hjj, 



A 2 + A" 



2AA' 



(All) 



We extend the function fi(x,x') with x = (A,x) and x' = (A',x') in the coordinates for 
metric (|i~8D to the region with \ > 1 by 



We then have 



n„ 



--V aX 



(A12) 



(A13) 
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and 

Hr f X \ 

V aX = —yV* + Hl--Xjta, (A14) 

where the vectors V a and t a at point x = (A, x) are defined by [|l^] 

v . = 0> r = £A(£i^), (A1B) 

r 

with "0" referring to the A-component, and 

? = -Hx(^J. (A16) 

The unit vector l/ a is spacelike and the vector t a is a future-pointing unit normal to the 
Cauchy surface with A = const, if we let the variable A decrease towards the future. (We 
define vectors V a ' and t a ' at x' in a similar manner. We note that \~ 1 Vi = — (A') -1 ^' in 
components.) Thus, we obtain 



ir _ _ i f X 



n„ 



v '-^rrr[jf- x V- (A17) 



We note that, since x grows like r 2 as r increases, we have n a — > — it a as r — > oo. 

The expression for the parallel propagator g^/ can be found from equation (|A3|) . 
Thus, we have 

9av = ^ a V b , X - jpfr + l) *'* ' Wb ' X ■ (A18) 
Let us define a bi- vector P a y by t a P a y = t h ' P a y = and 



p& = jxhp 5ijl - (A19) 



Then 

£T 2 V a V 6 ,x = ^ + jt a V v + j t t v V a + (x - ^ - jj t a t b > ■ (A20) 
Hence, the bi-vector g a y can be written as 

+ f T + Ti) — 7T (W + tvVa) ■ (A21) 
VA X 1 J x + 1 

We find # ab / — > P afe / + t a t v + 2KV6/ as r —> oo. 
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